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. ’ * This report.discusses the various methods that have been pyoppsed " ,
or used for obtaining estimates of health charaéteristics for local | '
" ) areas. Particular emphasis is given to discussion and ‘gvaluation _of. \
‘synthetic ' estimation procedures . developed ~eriginally at  the'
v , National Center for Health Statistics for purposes of cst;imating’o %,
‘ levels of health characteristics dbtained from the Health Interview § ;-
' Survey for each State and the District of Columbia. - - L
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| SYNTHETIC ESTIMATION. i
-~ OF STATE HEALTH CHARACTERISTICS
BASED ON THE HEALTH |

Paul S. Levy, Sc.D., Scho6!Df Public Health, U;ziversity ofl
” Dwight K. French, Statistical Methods Staff

M
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INTRODUCTION
£, R v

. _ Statisticians, demographers, etonomists, and

‘others have long been aware of the critical need -
for accurate small area statistics: While the U.S.,

[

decennial- census provides accurate local statis® .

© tics of many characteristics once every 10 years,

the accuracy oflthese statistics becomes ques-
tionable as time elapses from the last census and,
in_ addition, characteristics other than those
found .on the census questionnaire are often
‘desired. - .

"Although * a ‘rather extensive system of
ongoing general purpose surveys is conducted by
Federal agencies, they are-. almost always
designed to produce estimates for the Unitdd
States as a whole or, at most, for rather large
geographic regions or divisions, For reasons of
sample size and design, direct estimates.for such
subdivisions as cities; counties; States, or other
minor civil divisions, which are so critically-
‘needed, can rarely be obtained from these sur-
veys.

" The National Center for Health. Statistics!
orie 5f the Federal agencies responsible for main:,

taining a sfstem of sample surveys and othcﬁ"’

data collection systems, has lon recognized th
need for*good small area stitisgcs,.h"nd for the
past_decade has investigated alternate strategies .
for obtaining such estimates. - In, particular,
NCHS - has developed a procedure known as
“synthetic estimation” for -obtaining small area

-

.« e L.
) " -

VoL

‘. * <
(75 . @ A

’

RN 3

°

s

4
S

This procedure obtains small area esti-
 characteristics by combiping national
I8 of the characteristics specific to demo-
fiubgroups with estimates of the propor-
butien of the lpcal population into_
ps. The subgroups would be chosen
levance to the characteristic being
For example, if it were desired to
e prevalence of the sickle cell trait in
B county having -a racial distribution
$ent white and 70 percent black, and
étical national survey estimated that

prevalent among 10 percent of U:S.,
 virtually nonexistent among U.S.
ardwould estimate that 7 percent of the

; " in the:County had the trait (30% X -

&% 10%). This is a synthetic estimate.
tages of the synthetic-estimation
§ loca¥ estimation are its intuitive

y of the local population. A major
s its-lack of sensitivity to certain
ristics. For example, in the above
[ may happen that the white popu-
i area are all of Mediterranean des-

¢ sickle cell trait. {
regearch on- the synthetic estimation
o emerged since an NCHS report on
ticzjestimates of disability for  States was
111119681 The purpose of thisceport
dihe critically the various methods for

’
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R R e
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I‘O”g"%i‘the Medical Center, C'hz'ea/go, and -
al Center for Health S({ah’stics .

-

plicity, and its low cost relative to .

“more than a negligible amount of -
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obtaining local estimates that are in the litera-
ture and, in partlcplar, to examine synthetlc
estimation from a methodological point of view-

A

REVIEW OF THE LITERATURE :
The need for methods of obtaining valld and

2

reliable estimates of characteristics of local

populations has been recognized for a long time
by statisticians and demographers. In particular,
much effort ‘has been expended by statisticians
assoc1ated with the U.S. Bureau of the Census

and their contractors, ‘especially in the use of °

symptomatic varjables such .as births, deaths,
and school enrollment, which are available on a
local level, to measure changes in population size
since the most recent decennial census. Methods
such as the wital. rates technique, censal ratio
method, Census Bureau. Component Methods I
and 11, ratiq correlation methad, and others have
been described extensively in the literature.?
Basically, these -methods use the relationship
between the population size of the local area at
the most recent census and the measure of the
symptomatlc variable or variables for that year,
in conjunction with the value of the sympto-
matic variable(s) at the date for which the esti-
mate is desired, to produce the desired local
estimate of population size or change. An
elaboration of the use of technlq(les based on

symptomatic variables has been developed

recently by Ericksen.3-5 His elaboration involves
use of sample data from the Current Population

.Survey in conjunction with symptomatic vari-

ables to obtain estlmates of populatw size for

“~Jocal areas. -’

Although shealth statisticians have long felt
the need for valid and reliable estimates of
health characteristics for local areas, only in the
pastﬁdecade has serious attention been given to
the development of methodology for obtaining
"local area estimates of such health characteris-
tics as morbldlty, mortallty, disahility, and
utilization of health care services.-The methods
- “developed by demographers for estimating local
population sizes ¢ould not, hewever, be directly

* applied to the estimation of health characteris-

tlcs far local - areas; hence, methodology for
cstlmatlng health conditions for local areas has
devcloped along different lines ‘ from those

P ) > A
discussed above for local estlmatlon of: popula-
tion size. '

A major advance in estimation of h-e th
characteristics for local areas came with' an’
experiment’ conducted by Walt .R. Simmons
and his staff 4t the National Center for Health
Statistics (NCHS) during the mid-1960’ and
published in 1968.1 In this-experiment, three
different estimation techniques were used to
prodpce estimates of long and short-term dis-
ability for eath State in the United States for
the 2-year period beginning July 1, 1962, and "
ending June 30, 1964. The NCHS data used for
estimating disability were from the Health Inter-
view Survey (HIS), and the population data were
from ‘the Current Population Survey tpdate of
the 1960 Decennial Census.

One of the methods 'used was proposed
originally by Woodruff to produce local esti-
mates of retail trade;® the other two, namely,
the synthetic estimator and the nearly unbiased
estimator, were developed at NCHS. Thesg-

" methods will pe discussed in greater detail. 5§
the three methods investigated, the synthetlc
estimator was judged to be the most promising
for estimating disability on the State level, and
the estimates finally published! were obtained *

‘by this method. ;

The NCHS ~ publication 6n synthetic
estimates of disability! seemed to stimulate
further efforts to apply and evaluate synthetic
estimationi. Within NCHS, an evaluation of the

,vsyntﬂetlc estimation procedure was conducted

in which synthetic estimates of death rates in
1960 from four causes (motor vehicle ackidents,
major cardiovascular-renal diseases, suicide, and -
tuberculosis)” were calculated for each State and
for the District of Columbia.” These synthetic
estimates of death rates were then compared to
the known' true_death rdtes, for each' State and,
in general agreement between sy)ﬂhetlc esti-
mates and true death rates was good*for one of
the causes examined (major cardiovascular-renal
diseases), fair for another (suicides), and poor
for the other twg (motor vehicle accidents and
tuberculosis). The general conclusion from the
study was that the validity and reliability of
synthetic estimates might differ from character-
istic to characteristic. '
As part of the NCHS study of death rates, an




alternative estimation procedure was developed
The resulting estjmator, called the regression- *
adjusted estimator, uses the synthetic estimate

in c& mbination \with ancillary data available on

ate level and thought to be correlated with

- the health characteristic to be estimat

7'I:hls

estimate, for at least one of the causes ofdeath
examined, seemed to be an xmprovement over
the synthetic éstimator..

After the NCHS publication on synthet;c
estimates of disability, the Bureau 6f the Census
produced synthetic estimates of unemploy)ment
rates and number of ‘dilapidated housing units
that had all plumbing facilities for

tates,

SMSA’s, and counties.8-10 In addition, ektensive .

studies were uridertaken to evaluate the syn-
“thetic estimates. An important result of these
studies was the emergence. of a criterion, called
. the average. mean square error (AMSE), as a
proposed measure . of the accuracy of a set of

synthetic estimates, and the development of a .,

- method for estimating the AMSE.%:!! These
* methods will be dlscussed in greater detail later
in this report.
Most \ recently,- Namekata, Levy, and
O’Rourke12 investigated the use of “synthetic
i estimation in obtaining estimates of complete
d partial work disability for States based on
'data from the 1970 census. The synthetic esti-
. mates were obtained’ and compared -with thé
direct estimates that were available from the
1970 Decennial Census- for each™State. Their
general conclusions were that, the synthetic
esfimation technique was fairly good for partial
work disability but faxrly poor for complete,
work disability. :

ALTERNATIVE METHODS OF
OBTAINING ESTIMATES .

. Backgfound - ' o

In the ongmal 'NCHS mvestlgatlon of -,
alternative procedures for small area estimation
of health characteristics from ‘the Health Inter-
view Survey (HIS), several procedures were con-
sidered.! In this section, we, will discuss in detail

.two of the methods, namely, the  nearly
* unbiased estimator and the synthetxc estimator:

P
] < e

-t

<

-]

In additlon, we will discuss an estimator, called
the regressxon adjusted estimator, not considered_

" in the ongmal investigation but developed in a

later study.’
One of the problems in obtammg estimates

. for States of health characteristics based on HIS
data is the fact that the basic design of the HIS

does not lend itself to unbiased estimates for
States. In the basic HIS design, a primary sam-_
pling unit (PSU), which is generally a county or
SMSA, is chosen to represent a stratum consist-
ing of one or more demographically similar
PSU’s. Those strata consisting of more than one
PSU are called non-self-representing strata, and
thejy comportent PSU’s .may not be from the
same State, although they would be from the
same census region (Northeast, North Central,
South, or West). Thus, the estimate from a sam-
ple PSU ‘when inflated to represent the entire
stratum might cut across State boundaries, and

~Bence, it would be 1mpossrble to combine the

unblased estimates for strata mto unbiased esti-
mates for States, ° - °

Nearly Unbiased Estimator

One of the methdds considered in the origi- -
nal NCHS invgstigation is called the nearly un-
biased estimator -and yields an estimate for 2
State that is technically nearly unbiased. Basi-

" cally, this procedure takes the usual HIS ‘stratum !

estimate for an aggregaté and Mlocates it to a,
State in relation to the proportion of the total
stratum population coming from the State. In
other words, the nearly unbiased estrmate.«? of

‘the mean levcl?of characteristic X for State s is

ven b * el
g Y R : .
- 7 ni. —l \ ‘'
X=2 "'& ey
j=1
where

*

X;- = unbiased HIS estimate for the mean’level
) of X for stratum j,
J .- /
n‘.r....= z:l ":j. - ‘
]'

L4

=_the number of persons in State s,




portion of State s whlch &
stratumj.

= the numbcr of pcrsons in that portion of _

stratum j which is in State s, Lcmma2 The blas B(X, )_in thc nearly un-

n,;; = the number of persons in the ]th stratum, biased estimate X! cah be expressed
sth State, ith,_PSU; s=1,. s I, - by
=1,.,1;, and o

Ity ‘]’

& the number of PSU’s in stratum f that are

in State s.
-,

- /
Some propcmcs of the nearly unblascd cstm)atc
X, are ngcn hc]ow Thc proofs are prcscntcd in
appcndxx I T

" Lemma 1:NThe expectation E(X;) of the nearly
unbiased estimator X,. is given by

7 n X' :
EX) =2~ (2)

Lcmma 3: Let us assume‘that the ratio n
is the same for all PSU’s in th*amc
State, whlch 1mphes that

- =-lfori=l,
). 1 )

N

5 . X ‘. " Then the bias B(X, ) in the nearly unblascd esti-
)y n,. . ) - mate. X has the form given by ’ .
s=] ,

= number of p‘crso_ns in stratum j,
Iy n

i1 .l']l
=X :
.

=] .l' ]

'
3

Thcorcm4 If i o L for =1, , then
= average level of X in that portlon of i N 7 Ly

- stratum j_which is in State’s; and ros - (X ), the square of. the bias in
. * C X, s ngcn by thc expression

. ~

B < ] ‘n J S . . o
. BfX')=2—fL 5N (Xj-X ;)2 +2 =2 ,.)(

. .r]l )
=1 "3.. j= sj ..

. . ) .
. ] sk
. - ~ i,
' L} - -

:Y.sfl') Zl (Xk.-‘?tk"l')’
i=1 .
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R - Teble A. Interpretation of the components of the square of the BTk &1 the “nearly” unbigeed estimate e,
>
.. * Component 1T . > Interpretation ! '
J ” . : *F T . . * ) .

LY, X2 N— durvo

. o~ X spresents difference between the dverpge level of X for a stratum

= "i-'d s and the sverbge level of X for the portion of the straum that is in

‘ State s. .
B ‘ ) '
2. 2 2‘ - . ‘ - Represents varlaneo inX amdng PSU’s bolonging 1o the ssme Suu
17 1y ? ', vndstmum ' .
D - A «
. J .:. "d"‘k ’d - \** hd . - ¢ : , . .
3. QZ: 3 e Z X - Xgii) Z O g = Xggei) conennnnn” Represents a "between-strata” coveriancs, . ¢
i=t k</:n'"’#l_fk =1 j=1 . L , « \
. P 1" : , o i ‘
N g 1 e ' .
. 4 227’—22 (7,1; LRI LT ) RER—— Represents a "hetween-PSU" covariance. | ~ -
J=1" =g .
) L] ~ . ‘ B 4 .
where - . .. Variance and rtean square error of the near-
Iy unbiased estimate.—The. vartfncc 0}. can be °
. A,
el 1 Ly . obtained ‘directly from lts definitional formula.
0‘2]’ =.I... Z] ( oii™ ”..)2,\- " This is given by Lo
I . . .
.\. . » (N . ;. .' . -,\Oi: 2 X' : r(g)
Theorem 4 1mphcs that under the condition ' ;-l ng :
that* nyjiing;, is the same for all PSU’s within thew J
v same stratum and belonging to the'same Sgate, " ‘where; X; 1s the Yanancc of X, the imblased .
- the square of the bias- e “ca‘IY ““bmcﬂ . cstxmatc of thc mean 1ével of X.in stratum j. s
estimate X;—consists of | rhponents spcc} "¢ follewh that the mean squdie error MSEX" .
figdin table A., " ) - &f the | carl unbiased estilfiate- X; is given by -

" It can be shown that the thjrd componcnt near’y 8 g vy
of B2(X) can bé transformed to %c equivalent " vMSEX' ax. +B2(X!) , )
algebraic form glvcn by LY ' T

g . ; ven by relation (9), and B‘(X )
9 ‘]L:Z ﬂ sk. X )(X:k Xk ) . s tion +(8) (under the condltlon ‘
. =1 k<j . ;‘ o \that ”.m/n ]
o - * " Evaluation of the nearly unbmed esti-
.o «Thus, an equxvaicnt ;xprcsgon for_thc squarc of .mator.—In the origindl CHS' investigation_ of
*  the bias in the nearly unbiased estimate X is ‘¢ methods for obtammg lo stimates, the nearly |
gwcn by ' o ol A -
:; :h T s o : DR
B2(X, )= E —i—L Z i K .,..)2* 25 g * (% iX5) T X 5
e =1 i 1= :i 1'1‘ e Mt
o7 . « - ., ) . . p -
g a 22 E f( .t]i )(X,”""Xj) ( ) .o
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'« unbiased estimate did not emerge as the method

of choice for producing these local area H1S esti-

mates of health characteristics primarily because

examination of the estimates produced by this
method showed ‘evidence that they were -
stable.!

- A later study was performed at NCHS to
determine” the -extept to which the nearly un-
biased, estimator might be biased ‘The data base
‘chosen for this study was mortality data in 1960
for the 42 Statcs in the North Cengral, Soiith,
and West Regions of the United Stdtes. In par-
tlcular, ne ly upbiased estimateés of total

deaths from Mmajor cardlovascular reqal dxseases
were obgained from each State using the same
stratxficatlon that is used in the Health Interview
S\.!rvey ese nearly unbiased estimates were
then compared with the true number of deaths
in each State in the three regions examined, and
, the biases, of the estimators were ‘evaluated by
1001X,-X, |
X :

Ses

.
2.

4

the percentage absolute difference

.,

Table 8. Dstribution of percantaga sbeolute diffarences between
the ‘nearly unbiased estimate and the true value among 42
States in the North Central, South, and West Regions for total
deaths, desths from major cardiovascular-renal diseases, and

/duths from motor vehicle accidents, 1960

~

-

deaths? deafhs from motor vehicle accidents, and’

¥
/

The distribution of percentage absolute differ- .
e{:ce is given in table B.'The median percentage
solute difference was 1,78 percent for total
deaths, I.70 percent for ma]or cardxovasculax-
rénal deaths and 2.70 percent for mofor vehicle
accident deaths. The-small biasé3 obtained from
this empirical study would yield the jnterpreta-
tion that for the stratification used in HIS, the
nearly unbiased estimator is in fact an estimator

having small bias. .

However, in a ngen year, the number of
households interviewed in a- particular stratum
might be quite small for the Health Ihterview
Survey It u(fﬁerefore .anticipated that a)-zr-'and

~ . -

J
’ hen}ze 02, the samplmg variance of the nearly

unbxased estlmator might be quite large Ih addi-
tion, the UX' are dxfflcult to estimate from the

_ data. Hence in terms of. samplmg variance, the
' nearly unbiased estimate X, mlght not be the
.method of choice.

-

Synthetlc Emmator

Background —The other riethod for obtam-
ing local estimates ' of -health characteristics
mvestlgated in the original NCHS study! is
known %s synthetic estimation and was the

= *  method finally chosen, for producing local esti-
t/ ’ Caute of death ' mates of HIS health characteristics for States in
& s Maior "~ 1963-64 and .again in 1969-71.!3 The underly-
"% Parcantage sbeolute difference o | cardio- | 1o ing ratiénale for.synthetic estimation’is that the
! between nesrly unbissed  _ | | vescu- | L o -distribution of a health characteristic does not
estimate snd trus value cousen || 10| cci. vary among populations of States except to the
" dise | gents extent that States vary in demographic composi-
0 . osses tion. In other words, the method assumes that .
' ” “ Frequency . the incidence or pyevalence of a health charac-
. . teristic would be the same for twe States if their
Total cronrnssrrien 2] 4« 42, "compdsition were the same with respect to such
) demographic variables as age, sex, race, famlly
® ® 2 4 family’ size, place of residence, and in-
6 8 -8 ncome, iamuy P
6 5 °4 dustry of the head of the family. :
? g - ; ' Conceptually, synthetlc estimation uses the
1 2 3 - model given by .
S I A e
4 5 =2 P - (10)
- . - a=] -
: Percen® ¥ where , B
v o
_________ lute dit- 18| 170 270 X -rsntean level of characteristic X for the'sth -
ate, .

°

13"““ 7
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proportion .df the population ,who are
members of populatxon cell a (alpha),
which is the socioeconomic demographi-
_ cally bounded class of specified age, sex,

race, income, etc. The sum ovegr all cells .

~  of P, = unity. el

‘Xa' mean level of characteristic X for persons
in cell a in the United States as a whole,
“and .

k = number of a cells utilized.

In the original NCHS investigation, the X
were na?nonal imates of HIS variables for the
penod july 1962-June 1964. The population
estimates P, were obtained from tabulations of
a 5-percent sample questionnaire of, the 1960
Decennial Census of Population for the 50
Stdtes and the District of Columbia. The popula-

" tion « cells were defined by cross-classnficatlons

of the followmg variables:
1. Color whlte all other’
2. Sex male female

3. Age group: under, 17 years; 17-44 years;

45-64 years; 65 years and over

N Resxdence standard’ metropolitan statis-
_, tical area (SMSA)-central city; SMSA-
not central’ cny, not SMSA

Family income: m&der $4,000; $4 000
and over

A .

o

6. "Family size: Tewer than seven members;
o seven members or more . A

7.- Industry of head of family: Standard I-
dustrial.. Classification 'codes 1 through
17. (Forestry and Fisheries, Agriculture,
" and Construction) and, codes 19 and over
- (All Other Industries) .

’I?he‘384 possible cross-classification cellsswere

collapsed to 78 so'that reliable estinrates could
be obtained from the Health Intemew Survey
for eath a’cell.

+For the synthetic estimates for -the years

- 1969-71, HIS data from the three surveys of,
1969, 1970, and 1971 were used to obtain the ,

rates or'percentages of thie health characteristics.
measured. The populations of the 50 States and
the District of €olumbia were obtained from a

° .
: 3

" the 78 «a cells for the, original report

« oo . . ‘.
-
e

- sample dcscnbed in a publication of ‘the U.S.

Bureau of the Gensus entitled Public Use Sam-
ples of Basic Records From.the 1970 Decennial
Census, .Description and Technical Documenta-

tion, pubhshed in 1972. Of six such samplcs .

the one’ used was-the State Public Us
from the ,5-pércent questionnaires.

Sample
rsons§ I

* the mlhtary or.confined to institutions were not

included in the population estimates produced
for each State. Thus the restriction of the HIS
samples to the civilian noninstitutionalized pop~
ulation-was carried ovér to these synthetic esti-
mates. Df the seven variables used {&,produée

only six
were available in the Public Use Sample used to
produce these synthetic estimates. The variable
that was not available was residence in standard
metrogolita'n statistical areas. The six variables
can produce a possible 128 cells of data. These
were collapsed to 50 « cells for which reliable

national estimates  from the Health Interview -
Survey could be prowded A regional adjustment
- (as specified below) was employed for the Statée

estimates within each of the four geographic re-

gions of the United Stategito make these esti-

mates consisterit with- the regional estimates
produced by the probability design of the
Health Interview Survey. ’

In summary, the synthétic estimates pro~‘ )

duced for. HIS health charactenstncs for the

ygars 1969-7113 use the same basic method as -’

was- used in the original NCHS inyestigation.

However, in addition to estimates of long- and

short-term disability, estimates of utilization
of medical services were provided as well as esti-
mates for subdomains of the populatnon of each
State (age, sex, color, and family income). Also,

.a methodology has,been developed for providing
. sampling variances of synthétic’estimates.

Detailed synthetkc estimate.—The". detailed -
synthetic estimate
characteristic X for State s is given by

N

" R - 3 = X; < .
X, =X, T . (11)
tirt .

where

~ . .

X, = final synthetic estimate of the mean level
of ¢haragteristic X for State s,

of -the mean level of’ fé&r

T
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- X, = the usual HIS ﬁnal estimate of the mean

level of characteristic X for region r
(where region r contains State s),
F,; = proportion of the population (from the.
1970 Decennial Census) of region r which
~7 isin State ¢ (t=1,..., T),

T = number of States in regiob r,

205 0°5 AN

B a=]

= first-stage synthetxc estimate of character-
lstxc X for State s, .

-X! = final HIS estimate* of the mean level of _
characteristic X for demographic cell « for
the United States, ) .
P, = estimated proportion of the 1970 popula-
tion in Stite s belonging to cell'a (as esti-
mated from the 1970 US. Census 1i-
* Percent Public Use Tapes), and

k = number of a cells.
\' . - -~ Ll

Synthetic estimates ?u for subdomams

(age. sex, color, and income) are given by the
estimator .
=X —y.i—

:u ;f;ﬂx.ﬂl

~
~
XSI‘

g,, = the final synthenc estimate for the mean

level of characteristic X for. subdomain u_

wnhm States, &

} E P X f i

-

=prehmmary synthet:c estimate for the

mean levél of charactenstlc X in sub- '

¢« domain u of State s, - -

N P,, = the estimated propomon (as estimated for

the US. Census 1%;0 1-Percent Public
Use Sample Tapes) of the populanon,of

Y

(12)

State s belongmg tocell a, and T

=2 P

- aew ¢

= the estimated proporuén of the pOpula-
- tion of State s belongmg\m subdomain u,
except for-synthetic estimates of work-
loss . days per on per year ih age
groups. By defingion, "HIS excludes all
persons under 17 years of age from the
employed population. Therefore, the fac-
tor f,, in the denominator of the ratio ad--
justment for these statistics is redefined as
‘the estimated proportion of the popula-
tion age 17 and over in State s that be--

longs to s?domam (age group) u.

-

The synthefic estimates for.subdomains as i

giveh by equation (12) are ratio adjusted so that
the aggregates are consistent with she final syn-
“thetic-estimates for the State as a wbole

The a variables were limited to ihose listed
below: - . \

rColor  white; other-than whi’a;
Sex male, female. .

"Age group: under 17 years; 1744 years 45-
64 years; 65 years, ‘and ovet.

Family income: under $5,000; $5,000 and
over.

Family size: fewer tﬁ%n sevén members,
seven members or more.

-Industry of head of family: Standard lndug;
trial Classification Codes 1 throngh 17 (agri-
culture, forestry, fisheries, mining, and con-
stzuction); 18 and above (all others). -

The 128 cross-classification cells produced by
these variables were collapsed -into 50 « cells -
for' which reliable” national estimates from the’
Health Interview m could be made.

PThe ratio- adjustment X /Z P,,X was’ in-

cluded in order to reﬂect a regxonal component
in final estimates. It is thé ratio of the published
regional figure to the preli
gional rate calcula.ted from the State estimates.

Estimation ‘of sampling errors of" synthetic’

' est:mates for HIS charactenristics 1969-71.—The

..Q\

€

N

ary, derived re- ~

N

7.

»
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. Theorem 5: If the P;,

4

synthetic estimates’ presented for. the 1969-71

- HIS data are subject to sampling variability from

two sources because they are based 6n HIS esti-
mates and estimated populatiop proportions.
(When synthetic estimates are computed” from
known proportions and population means they
are not subject to sampling error, since there
would be no sampling involved in the synthetic
estimation procedure.) The sampling variance of

«a synthetic estimatg
justment) is given by

~

02 = Var(z Sa d) Z Var ( Sd d . '—

\; r —"
+2 E P:a'Xa')

a<a”

Cov (P, X., (13)
are independerit of the

, then the variance of X given
R by equatwn (13) reduces to

k
}:P202 ni}: ) P;,

(14)
~

+2 z P.mP:a \'COV( ;’X;')

a<a’

/

for large valuesbf n,
The first and thn'd terntis ‘of equation (14).

A

., represent the variance of X if the P;, were not

subject to samplmg vanatlon Thus, the effect
of samp.lmg vdriation of the P,q on 0% _is meas-
X

‘ured by the expression _- :

- Lo . -

1 EX‘ a(l-P.m)'

n a=1

(15)

P

~,

Y

Z%ﬁwz

»

s (ignoring the regional ad- ‘

_ therefore,
e {

i,

AT
L “Zumm)

: w@w L
But ‘ *

. . R

ok '\
PR Pa)< wwm .

B o |
- .
. t

and the rel‘vanance "V2 of the synthetlc estl-

*.

mate X satisfies the mequahty given hy

©8 ’ , Pm' Cov (Xa ’ Xa') 1‘_ pPm
ua < . N
- V% e 2 ¢ C + P"'I: (16) .
- : @ s :
q .
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Smcc the fifst term in thc nght-hand sldc of .2 Cov (X X..) =0 forall @ < a, so that
the relatioh (16) is “the relative variance of § -, . the third term of cquanons (14) and
under conditions that the P, are not subjcctto . -(17) drops out.

sampling error, the offcct of samphpg'crror in ~ . )
Under th ti t 14) red
t.he P., on the rqlanve variance of. X, would tol? er .esc assump ons equa ion ( ) reducés
tHerefore be less than (1'- PP )/(P’"n,) o ' ' / .o
second term in the nght-hand side of rclanon e . ¢
{16). This i is summarized in tabl; C. 02 = Zl P2o2 +4 X2pP (1-P 18
As i$ seen intable C, foral!but one drtﬁo X, o=y " X, 0N ._».2-:1 7." ( a) (8)
of the.smallest States, ;the cffect of sampling , ‘ : . .

variance in the P, .on the rclanve variance of and equatiqn (17) bec‘omcs,
the synthetic estimator X wculd be quite ' '

50 5

su?

smrall. 2 = .ﬁ_‘." : 2
" The approxxmate variance of X the syn- . 0§ = E fu, 'OX'~
thetic estimator for subdomams, can be ex-

-

: S I
pressed in a form parallel to expression (14) as . . P B :
~ / .,,..1.2"2_9. ) )
. . n a f f
P ' C S aeu u u
Z 02 +1 Z 2 < ___a)_ -
aeu g aeu fm f where -
N - -~ ° - .- )
S, P, P, =). P,. - ‘
+2 2 T““Cov(X;,XW (17> e 27‘«( - . )
a<a Jsu ' ‘ ’
S5 ', a€u )

Equations (18) and (19) were &xe expres-
Sampling variances of synthetic estimates of . sions’ used to_compute sampling errors for the

HIS hcalth chéractcnsncs for the 3=-year pCﬂOd. esumates in t_he l'CpOTt 13 Mmost an the esti-

*+ 1969-71 were obtained based on equations (14) mates had samphng errors that were very small
and (17) with the following two modifications relative to the size of the estimiates themselves.

made to simplify the calcilations: . . The relative standard error (RSE), defined by -

°

I P, =P, for all «, where P, represents - ¢
the proportion of the U.S. population
"in—tell .’ That is, the proportion of the
population in any a cell is approximately,
the same for all States.

and R s ]
Table C. Maximum contribution to the relative variance of f of . 0% . ‘,”b ) -
: * - . sampling veriation in the P,, . o u S
A RSE (X,,) =¢= -, L
. e . 5 .
. L M) .

: ] . ' ' .
. 0001 | 001[ 01| .08 10
. \ . wash pcrccnt or less for virtually al] statistics in

Maximum contribution {0 the - the report, even for the smallest States. The only

relative varince of 4, important exceptions occurred for estimates of "

1,000 ...........\ece.. | 10,00

100 .10 | .019 000 the proportion of persons in certain populanon
10,000 .. | 100 [ 2104 01 | 0019 | 0008  ,gub
. 100000 | 040 | l01| 001| o016 | oooce ‘SUDEFOUPs who were unable to carry pn major

activity. The most variable subgroup was the  *

“ s - )

Y . : ) A o
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, under-45 age group, where the RSE ranged from
7.4 percent for the entire United States to 10.4
percent for Alaskd. The highest single RSE wag
11.6 percent for white persons in Alaska. Al-
though™it may seem strange for State estimates
to have such small sampling errors, these esti-
mates were essentially weighted averages of
. national HIS estimates based on 3 years of data
collection. -
" Bias of synthetic esnmator —The synthetic
estjmator is a biased estimator with the bias
B(X,) given by

~ k
B(XS) =

a=1l

‘i)sa (Xa - Xﬁa) (20)

where X, s 15 the true mean levcl of characteristic
X for demographlc cell ¢ in State s.

Regressnon Adjusted Estumat%r—-

“‘ .

Y ~ B, - =
. .

variable mxght noi\bé able..to be uscd in the * - °

4

)

Background.—One of the. gaslc“llmxmtlon&

on the' synthetic estimator, X, is that it is
adjusted only for the specific set of demographic
cells (or « cel@taken into consideration. If the
parameter being estimated is influenced by vari-
ables other ‘than those taken ifito consideration
by the « cells, then the synthetic estimator will
not reflect this influence. Often it is not possible
to include in the a-cell artay all the variables

-

thought to be important because data on these

" variables” are not available ‘in sufficient demo-
graphic detail. However, although & particular

2

v

) 4

Equation (21) states .that the percentaéc

difference ¥, between the synthetic estimate X

and the true value X is a linear function of a set
of vanables‘l',, y +ers Zg » For example, z,; might
be the-proportion of persons in‘State s 11V1n&1n
SMSA’s; z,,, the proportion of persons in State
s having family income befow the poverty level,
and so fortht. Equation (21) expresses the con-

cept that except for random variation the per-

o

X=X, [1%001@+§ 2,

-

synthetic cstlmator, it can often be taken mto«
consideration in other 'ways, Irl n ‘earlier arti-

cle, a method was proposed:to také into ‘con- :

sideration such variables..

Method of estimation. —"I‘hcv method Rre:

‘Xs\eonted below uses the'synthetic estimator X, in

njunction. with a set.of ancillary variables
Z,..., %sm to produce an adjusted synthetic
estimator. In particular, ‘ we assumg . the. linéar
model given by

Y;=a+ﬁl Z.rl'*""'*'ﬁm z:m’+.(.s. (21)

wheye X, the percentage difference between the

synthetlc estimate )a(‘ and the true value X, “of
characteristic X for State s is glyen by

-5 : 4
Y, =(—*) 100, ° e
cd X

)

<, = term representing random error,

Zo Zsm = values of variables zy .. a for
. State 5, and .-
o, B, B, =regression coefficients to be*esti-

mated

If estimates & of o] ﬁ, of 8;, ;.., and ém of B,
were available and substituted mto the right-
hand side of equation (21), algebralc mampula-‘

tion would result in an estxmatorX of X ngen
by

ton 4B, 20)] (22)

centage difference between a metic estimate
and a true value is a linear funttidn of 2 set of
variables 2., ..., 2., . The estimator given by
equation "(22) is callcd the regression-adjusted
estimator, and it was used and’ evaluated by

Levy? in computing State estimates of deaths -

from motor vehicles for the year 1960. In that,
study, it was found to be an 1mprovemént over
the synthetic estimator. However, it can be used
dnly when relevant ancillary data are available.

.

-
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EVALUATION OF svl\i‘rHE'nc
R _ESTIMATES -

"Batkground e

A fundamental problem of the synthetic
estimation procedure has been the difficulty in
evaluating - the estimates- produced by this
methodology. Although expressions haV\e been
derived for estimating’ the sampling variance of
synthetic estimates, it is much more difficult to
estimate the bias of a synthetic estimate,.and
since sampling érrors are -often small for syn-
_ thetic estimates, the bias may often make the
» largest contribution to the total mean squage
error. A method has been developed, however,
by investigators at the .U:S. Bureau of -the’
Census?:14 for estimating the mean square error -
of synthetic estlmates by semewhat indirect
means. . ¢

Another consideration of lmportance in ob-
taining synthetlc estimates is thei sensmvny to
the particular set of a cells- used producing
them. Although a more. detailed a-cell grid

should produce synthetic estithates having lower

bias, the potential reduction in bias may in fact

-

be smal’and may not justify the eost of obtain- _

ing 'the detaxled a-cell grid. This issue has been
addressed in  ah empirical study using the syn-
thetic estimates of disability, utilization of
health seryices, and limitation of activity based
on 1969-71 data from the Health Interview Sur-
vey and is discussed in a later section.

S
%ﬁ.
Y

Estlmatlon of Mean Square Error (MSE)
angl Average Mean Square Error (AMSE)
of Synthetic Estlmates !

<A procedure 'has been developed by Vi
berg and Gonzalez? which enables the me
‘square error of a synthetic estimate to be esti-
mated provided that an unbiased estimate of
the same* characteristic exists for the same
population ‘which is uncorrelated with the syn-
thetic estimate. This procedure is developed by

means of theoremWelow

;.Theorem 6: Let 4? estlmate a parameter X
with bias given’ by B( ;) and let X '
"be an unbiased estimate of X
s, .which is uncorrelated thh X

b ~

Then the following relation is true:-

E(X;-X,)? =MSE3, + of  (23)

« .

. where ' '
B °
MSE;‘ = the mean stﬁ,
s
. \ and ‘ .

oi,

= the variancg of X;.
X's )

Theorem 7: If X s is an estimate of X A with bias
given by B(%) if X! is dn unbiased
estlmate of X, uncorrelated with
and

5
, is an urbiased estimate

K a2
38
i of o?_,'then the estimate MSE}L
‘:X‘ * - s
givenby“ ‘
oA leg -
.MSEx=(X'-X - g2 4
CMSEG = (X - X )t -0, - (29)

e B it §
is an unbiased estimate of MSE='- .

O I

.Investigators at the Census Bureau have used
the relationship glven by equation (24) to evalu-

. ate synthetic estimates for certain variables such

as unemployment where mdependent estimates

are available. Howeyer, a serious limitation on .
N

the nse of the estimdated miean square error

/
) MSE: as given in equation (24) is its likely in-

3

12 » e

stabxhty since the pnblasegi estimate X and the
estimate 62 of its variance are both hkely to

X
have large variances themselves, since, in all like-

lihood, they would be basedl on relatively 'small *

sample size. Aware of this, Gonzalez and Waks-
berg have introduced- the' concept of evalyating
synthet;c estir ates not by'their individual mean
square error, bt by the.average.mean square
error (AMSE). of a set of-.synthetic estimates.
Specifically, the AMSE of.a set of- S synthetxc
cstlmate s given by *

-~ S - )
AMSE=§-[E‘§_:I, &, - 3})“’] - (25) ‘

» .

-

s
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md is estimated thhcmt bias by the expression,
a»stz ngcn by* @ n
] Sk :

;AMSE=—Z & X')“’-IEZI ag (26)

e

e ®

 This Statistic ha been used with ca{gm elabora-
tions - by« Cépsus Bureau, mvc§t1gators as the
.'ma_]or cnter‘xon for cvaluaung synthctm esti-
mates. A° shortcoming ofthis criterion, however,
is that it doés not yield ah ‘estimate of the mean
squate erfor for a spegific synthcth estimate
(e.g. - estimated unemployment in Ohio, 1976)-

‘ Rather, it gives the average mean square error a

set of synthetic est1mates

Evaluation of.HlS Synthbtlc Estlmates for
Alumatwe a-(;ell Grids

]

Invcstlgators at' NCHS ongmally hoped to}
-cvaluatc the’ 1969-71 HIS synthetic estimates bys

means’ of the AMSE criterion. However, there
was no unbiased estimate uncorrelated with the
synthctlc estimpate that could be ‘used'in equa-

tion (26]. Although it is thought that the bias of

the nearly unbiased estimate, discussed above is
likely to be small for HiS variables, and that the
correlation between the’ synthetic estimate and
nearly unbiased eftimate is also likely to be

small, the task of obtaining a.reasonable esti-

mate.of its variance is difficult since it is often
based on data from one or two pnmary samplmg
units. .

The main thrust in the, evaluation of the
1969-71 HIS synthetic estimates was an cmpm-
cal investigation comparing synthetic estimates

based on the 50 a-cell grid used to obtain the

published 1969-71 synthetic estimates with
those obtained by collapsing the 50 cells into a .
smaller grid. In particular, synthetic estimates

* were obtained for the 50 Statesqand the District .
of Columbia based on (1) the total 50.a-ell -
* grid, (2) a 2 a-cell grid based only’on sex, (3) a 4

a-cell grid based on age alone, (4) an 8 dcell grid
based on. sex and age, (5) a 16 a-cell grid based
on color, sex, and age, and (6) a 16 a-cell grid.
based o’ famnly income, sex, and age. The
}rfthqtnc _estimates produced by -each of the”
collapsed grids (sex, age, sex by age, sex by age

. and color,-and sex by age and income) were
compared with the synthetic estimates produced. ,

20

-
°

pe————

* by the total 50 a-cell grid by use of the follow-
mg summary statlstxcs'

1} The mean over all 50 States and the
- Dlstnct of Columbxa of the propomonal

absolutc dxfferencc T between

\ the synthctlc estimate g based on a
articular grid and the sym.ﬁetlc estimate

, based “on the total 50 a-cell grid
(table D).

. 2. The maximum dver all 50 States'and the

District of-Columbia of éfe proportional

. absolute dxfference dcfined above (f/ble
E).

~
3. The correlation coefficient ovex all 50 '

* States and the District of Columbia be-
tween’ the synthetic estlmatc produced
by'a collapsed grid with that produced
by the total grid (table F). . -

The mean proportlonal absolute dlffercncc
(table D), is a measure of the _average relative_
differerice between synthetic'estimates produced

by a collapsed grid and those produced by the .

total grid. For the HIS 'variables considered in
this study, synthetic estimates produced by each
of the collapsed grids agreed closely by this cri-.
terion with synthetic estimates produced by the
detailed 30 a-cell grid. For most of the 14 vari-

JrAEN

bles in this study, the mean proportional abso- . /

lute difference was less than 5 percent, and the

worst agreement by this criterion was shown by
the synthetic estimates produced by the a-cell

grid based on sex. In maqst cases, the synthetic
estimates based on age by sex, age by sex and
color, and age by sex and income did not show

substantially bester agreement by this criterion

* with those based on the total detailed grid than
~’ the synthetic estimates based on age alone.’ .

. .The maximum proportional absolute differ- *
ence (table E) gives a feeling of the extent that
a single synthetic estimate based on a collapse

grid might differ from the comparable synthetic
estimate based on the detailed 50-cell grid. The
magnitudes of Some of the statistics' shown in
table E imply that in indiVidual States, the grid
used to compute the synthetic estimates mlght
affcct the size of the estimate, even though the ’

-~
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i
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. Table D. Mesh p'ODOrtiuml sbeolute differences between the synthetic sstimate produced by the tota! 50 a-cel grid and that produced B
. By pther a-cell grids for salected Health lntmw Survey (HIS) veriables, 1969-71
. ' . . - / R o@ = . e
. N . e & . * . grid ~ .
. B | ‘ ' s b Sex :/x " .
A HiS'varisble ‘ L - Sex by in-
N . . S Sex | Age | by | color. <come
) - b . R
SR A , * o Ll R A
<. ) .. A : oo ap [T | e,
s - Mean proportional absotute”
‘ . .Y %{ 4 .. Aitfererce
Restricted activity days e x. ' e S 028 | 017 | .017 | 02| 020
Bed disability days enssent et e wersssssssssssssssnsssns 029-| 026 | 025.| ..032| .02 .
* Work loss days B . qe - f. + |7.039 | .026 | 026 | .032 021
Hospital discharges per 100 person yeers D versseresesnesssssssorsasessasesssasasss rosasase N 021 { 008 | 2008 | .008 008
Average lingth of hospitaljzation et | 035 | 03471 034 | 028 023
Percent of persons having one or more hospml BPISOAES iN 8 YOAT ...o.roangriirsrsanirssinsssmsisassanns 4 .018 | 008 | .008 | .007.] .006
- Percent of pehons having oneé or more physician visits in a Yeer ) ) S . 008 008 | 008 | .006 | . .007
Number of physicien visits per person ye%r ..« ; O ;] 0214.016 | .16 | 015 | 017
Percent of persons having one or more dental visits irfa year . 031 1.031 | 031 |..016 .027
Number of dental visits per person yeer ......, 5 . ,.056 | .055 | .055 ’032 062
Percent not limited in activity . N . : 2t | 008 | .003 | .003 |7 ,. 004 :
Percent limited in activity .. M s . 061 | .021 | ,021 | .020 026 °
Percent limited in smount or kind of major activity : peeeronnees | 068 | 024 | 024 | 028 | 027
Percent unsble to carry on major activity ......., N hetnees | 094 | 058 | OB | 081 057,
" & N . - — N ‘ 4 f
° - ' . x .
. e . . . i R

L4

y -

3 . . « v - -
"~ Table E. Maximum proponional sbsolute dlffmncu' bct\?vnh the synthetic mlmate producod by the tchal 50 a-cell grid /nd that g
. produced by other a-cell grids for selacted Heaith Interview Survey (H1S) vend:les, 1969-71

t. C v o ’ . RS N C a-ctloﬂd T v
’ - " 7. - - - ¢
; . . . 0., \
: % I Sex i‘y" R
.o HIS yariable . . ‘L Sex by
. < . h in~
R . oo ) Sex. | Age | by | color come
L ) ) ’ - . \ age by bY ’
« . : ) /‘{ - * ~ || e ‘
b Ty f T ) Meximum proportional absolute
. . . ‘ ) g difforence
Restricted activity days : v 03] 073) 003 009 .38 .
Bed disabiljfy days . : : v | 134 | 088 | 089 |14 70
Work loss days .........." : ; . 216 | 047 | 140 [ W71 | 21
Hospital disd\m per 100§ pmon years . . corrsene ] 127.4+.065 ] 070 | .034 024 a
Average tength of hospitalization g ‘ e | 201 | 203 | .083 266 |
Parcent of perons having one or more hospital episodes in a  yeor aneegs . (1&3 057 | Q73 | 026 020
. Percent of pertons having one or more physician visitsina year .. " 042 1 041 | 042 | 019 027
"z. Number of physicisn visits per person yesr " hasghesrey | O4 | 08B4.| 088 | 050"} 048 -
Percent of persons having one or more dental visits in & yesr . L. | 221 [o2361 237 | 088 | 241
* Numiber of dentsl visits per. person year, {. 382 | 1393 .398 | .101 402 ‘.
t - Percent.not limited in sctivity ) reebeernee | 03747013 013 | 014 | 020 |,
- Percent limited in activity ! , A54 | 004 | 022} 30| .84 0.
Percpnt limited in smount orkind of major activity . A L ST . {493 | 088 | 001 { .122 .164
" PorCant unatle 10 carry on Major aCUVILY v S woe | 89671233 | 1921 264 404
/ . “ . . ~
. -
. . . ] % -
. ¢ s A v ¢ 7 ’ & ; .
R : . . K
TR, : . : -
\ L . 21 . . : 5 4
\)4 ] “ . P - . . r * m’{,, . N
e, : o L " s ) , \;. / T jf;
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.. Table F. Correlstion coefficients between the synthetic sstimete produced by the 'toH w~awrm and’ that prduced by other a-csil
> . . B grids for selected Haelth Interview Survey (H1S) varigbles, 1969-71 ° .« -
. -7 o T " o acellgrid . - ‘
' . - > ' ,1‘ i - o ,e Ad - v -
- ) ., ) ) o : Y Sex sbe” )
HIS variable . : RS ,Sex*| by in‘{
S > S AR . Sex'| Age { by } color
) f.; ) - ) , ’m 4 by c:yne
Cor . . | . age SV
. - h . ‘ . ’ .\ ey 3 td ae
N 3 . . .« . <
~— ’ ~oe a Corrslation costficient?
- , .l k4 . . - - - g°
Restricted activity days eeeteaefids 89| 96| .96 94 93
. Biddissbilitydays N : p ‘94| ~96| 96 95| . .94
Work loss diys ‘ AN b 81| 89| .90|" 96 867 .
Hospital discharges per 100 parsgn yesrs . . vousse. .88 .98}t 97 89 99
Average length of hospitslization ; " . S 89 89| 89| -.96 87
Percent of persons having.one or more hospitat episodes in a year ......: . 90! ‘98] .8 99 099
Percent of persons having one or more physician visits in a yesr ....... Daeasess \ 81| .82 81]1->95]) 91
. Number of physician visits per person vesr ~~ Leue: 93| ~96 | .96 or o8 |
Percent of persons having one or more dental visits in a year ., A 91F 901 80| 98 92
Number of dentel visits per person year... . 96| 95| /85| 99 96 .
Percent not limited/in activity . . .| 6341 .96| -96(.~95[" 92
Percent limitst in activity .. ; ~| 61| 96| 95| <931 93
Percent limiited in smount or kind of major activity “ ). 50 94 .94 v g4 93 v )
Percent unabls to catry on major activity oy ; enverees 85 94 | 94 1. 93 9t
’ . - ’ R Lk ) ) T, ‘e:,' T i
average proportional absolute differences are * that js particylarly appropriate when jt is'désited °
small. - o « to rank a set of estimates and when the absolute
. The correlation Cocfficient between syn- - values, of the estimates are of secondary interest.
¢ thetic estimates based on>the detailed 50cell’  In general, the correlations were quite high, with
grid and those based on a less detailed grid (table estimates based on the ‘sex grid showing the
F) measures the strength of the ‘relationship be- - lowest correfations, with those based on the de-
© tween-the two sets of estimates. It is a measure  tailed grid. . e oL s : > ..
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) -‘ APPENDD( ,
PROOF OF LEMMAS AND THEOREMS | .

* : )

\

P . LN . .
Lemma.1: The expectation E(X;) of the nearly Proof
unbijased estimator X is given by — S . ) < .
C i : oo We note that the, expectation of X is give
, B 4 H by‘ . 3 ‘ ' ' » -”
) 0y j ' * d ) » :
B =3 g By, - (18)

j ‘ ‘JX) E(Zn :\’/n,:‘)

= n:j: q‘x;)/”: T

-

.
n:f. X]/nl 7

= average level of X in stratumj, - < : e
- . . 0 . . [} ) .
s / i . since Xis an unbiased estfmator of‘X‘-_ .
=3 n; ’ . o B
s=1 : * o .

\.thc number of persons in stratum j, : ) te e

‘ . . - Lemma-2: The bias B(X;) in the nearly un-

Ij . o ) " biased estimate X, can be cxpresscd .

ij. = Zx n:)’ixsji/n:j. . bY ’
=

R k” R ’ , Coe A o ,-
= average level of X in that portion of . - L s ’ o ;
stratum j which is in State s, ’ B(zx:') =Zl LA (51 = X:j.)/”i‘.. (2A) -
' - ; IO bl - [ .-

. or cquji;alcnt}z by - ‘4 -
. .

[
»

- o—,C

MX = the average level of characteristic X in J (X . P
that pertion of State s whnch igin PSUs B(X' =) - b _LX . (3A).
. : . I ny “sff
of stratum i S s . )'l 0 e i




-~

L Py - - - ¢

. M v e ’ RN L]
. Proof . T . E 3: Let us assume that the ratio ”m/”m Ty
, ' , is the same For all PSU’s in the same
fm‘z ¢ by dcﬁnmon, the bxas B(X" ) of X, is ) :' stratm in the saine Sfate , Which im- -
qualto \ o Rlies that .o
ot B()?})*E(X})-?;.. e e L L
-t . . . - " — n e . . . & : . ' .-
where: - _— L =]l fori=1," .. N P - (5A)-
. . - LI LTS Py ‘o
, X.. =j2 ”s;'. X '/” e "H'; ... Then the bias M J in_the “nearly” unbnased ..'
. 3 ' cstxmate X, has the form given by T
= average level of X in Sta 5, relation QA) . .
follows directly ffom kmma 1 and the o ) D . o s '
definition of X, . o o o dan AP i .
AR COB®)=Y L 2 & X (64) . "
- We note that 7 . =1 M .f] R
. . A RN . Lo e < ‘ : .
‘X -X, =X, Z ._‘LX‘L : - Proof o . .
oJe ! - «
.=l n”_. ' The results foll\)w directly from? relation’
s “(5A) and lefg,ma2 _ -
. N : N R
. z;(l . X.) /J'*A) ‘o A QED .- "4 - ]
.ot 2N ; |
' Therefore, relation (3A) follqws from’elatnom ke ~
(2A) by subsfﬁtutxon of relation (4A) into rela. IheLem‘} Jf —L = '1" f°' =lf..., L, then 5 -
v tion .(2A). e - - Rsj. 55, S . .
. QED T B? (X ), the squa e of‘he bias in |
' -7 X', is give the expression
! \\a . - ~ . .o
B _ / n2 '.02.. ,I ) n2.. 1 - - ,I "nz 13 1 l‘].‘u" - > [ T
BZ(X')= ‘,—ﬂ!f —’L.,.. X.—X,)2+2 _EL._" X X Xt
e | S ,-1?:' l:j s )gl ”:2.._‘151' (‘:\..1 ) , (,]%; ";2 1‘2] = ’_,g"( :]x) ( :]i ) £ )
, . . . {,, a ¢ N *
e . , F ’ ’:j Iop . .
¢ n,n .
‘ ‘ , +2 il DY) X, -X 7A) .
AP :Z:l i< nE 1l ,-Zn /(. 5.~ %e) z aXih o (7A)
. ) | o T
¢ - N\ . B - —x = 1
where ' hand side of refation (6A) we obtan .
- l‘i ' . ( . \ ’ . R
1 . . . g
) ‘.’azy "'2 (X,,i }j.),' : B(X') = Z ..iL;.lx L2 ) -
P J . $/ gty [,
), . . . 'll 5.. 78 . N
Proof . 2 . . 1 .
. . - . L S w:
‘By addisg dnd subtracting X, to the right. oL N ZI X, - x 2+ X - X, T (8A)
o - s . LI = N
. . ‘ ¢ . :




1 o { . - - A ~
3 ‘ 'y . ”"ﬁ% - )
) : . Squaring the right-hand side of relation {8A), we obtain ~
» L . ) o
S JLny 1 > . . |
AN Y i)+ %y N -
¥ =1 5. Yufim} .
~ . ' ) '
] ‘21:“‘2.1'1'{12‘7: [(X-‘ i+ \ )1}2 PP PP [2 (X If ‘
Jg o AR T ¥ b Lt pg & S 5 B
J g2 WL = L2 o L5 ’
’ =y d X% +X-Xp+ey kL X, ) (X ;-
B L2 L SR PR R § LI L 2
3 Al "(’k . l ) T~ R N -
- N "(.: = \ .

' . ," . ‘ (] - /"
- , 2: ,,—'T,t“g(i ,,)Z(xk X

. "-

g.; R i " - . - N
sRut the first term ip cquﬁlxon 9A * N Y i
s, . N . . . - L @ " ¢ ‘
L) " \ . i -, L L" R “ by 5:: ) . )
. N . y :'_gL l 1‘] . —‘ .X » "_ . 2 , , v . ‘
- (X - . + - X ..) . * . . -
' o =1 I’? 1?) i=] 7 . i 4 Z P X' .
! . a=1 .o ot

- ) .
' oo 4 t - )
N > g T

T {-\ ' L " } . . ) . . . .
Anga|d o ol ' A
P P ‘X.,-.)_’t}:( o 43 NG =3 Var (P %) ¢
o =1 M. lej . i=1 ’ e a=1 . ,
. ‘ i3 » S 4 0 2 i — N
Ly n . oL, 423, Cov(Pl, X' P X)) (TA)

1 . a "

"Z“?'i‘[(xrf'x Jek). - (108) e v

\

2 , " 1 n o .. ’ -
- s *. ’ = ‘reduces to S
, ¢ Therefo by’ appropriate substitution ‘of rela- \ X \ e,
. tions (10 into (9A), We obtain the form speci- 9 P2 g2 1 >
= +— 2 X2(1-P,)P
. fi.ed by cqua‘{xon (7A). . " ) . "}‘ z ;l sa OX; 7, az.:l e (1= FPy) Py,
T L g *
FooNe K - v . .
N - a .o +2 Z P, Cov(X.,X.). (12A

7 ~ a<a

- ﬁcommsf M the P;a are independent of the , . .

‘X!, then.the variance of . given  * for farge valdes-of »

L}
ET

4
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Proof -

The sccond term in the nght-hand sxdc of
equation (11A) is given B‘“"“‘

X
SE(P, X, P, X.)- EP.,
P EX. X))

< (Pl )E(Pl E(X, L) (13A)
since P, is independent of X,.

COV( ’ X! PI
511 ’ "d'l
X, )E(P, X..)
| =E{,

But- . -
E(P),)= (the true proportion of State s fall-
mg'mto cell ), and

-

P:a'

-P
 CovPuiPig)=—"—= . (14A)
. $

where ~

)

n, = the sample size in State s used for estimat-

ing the P, {(e.g., for a State hraving 1 million

. persons and for the 1-Percent Public Use
_.Sample Tapes, n, =*10,000).

) Cov(:a’ .m)+E( h)E(P:a)

K } _anpxa'+P P '

S0 “ga’

b .

] [N
Therefore,

N

. Yo
7

. n=1 oL
) - : n P:dPsa'.(lﬁA)

»
and for large n,

(P’ P! ) £P,o Py’ " (16A)

- Thcrcfore from Fquanons (13A) and (16A)
Cox Py X, P, X, )=

-E(X')E(X' )] :a :a COV(X X") (I'ZA)_

a' [E(X' X;')

.,

L]

-

Hansen, Hurwitz, and Madow!5 show that

s

No

Var (P, Xi) 27, X2 S
L
x | Var Pig ,\Varf +2Cov(XH,P";
i P.?a 22 Xa‘P:a‘ u

which reduces to

’ ";I 2 2 ‘ Va.l' P.:a
Va'r(P,sa Xa ) = an Xa PQ +
P . sa
. TR g
Since .

Cov (X_,P.,)=0
and this reduces further to a f ‘given by
Var (P, Xo) = X2 Var P}, +P2, Var)?;

®
s

X2 P (1 - :a) + P2

n - % Te
* { Ia

e ’

Substltutmg equatlons (17A) and -(19A) into _

equatnon (11A),
L&
E Py 02, +L 5 X2 (L~ P,) P,
a=] \’a n-“ a=l !

r

(,

+ 2 CQV —' ’ .l.,
) . | a§a s m ( al ) ‘/‘
,“
}. QED . ¢ \ "

Theorem 6: Let X testimate a paraméter 7
.o with bias given by B(X, )gé:nd let
W Xg be, an unbiased estlmatc "of X .

w}uch is - uncorrclatcd thh X
Then the following relatmn is true .

-

EX-X)r=MSEg +o2 - (208)
- “ ’ -
NOTE: A list of references follows the text. C e
- 4
. . .
- v 21.
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L g N ¢ , .
where . S oL . )déo, it can be shown thdt

MSE§ = the mean square error off,a\;i;;'E E(X;- X,) (X, - X,)=Cov (X, X) , /

. s . - . ~

S - . +BEys®)=0
: o .since X, and j " are uncorrelated and B(X)) = OK

02 = the variance of X;. ED g '

%, ' - Q .

s » . ' e

and
i

. . ~ o ‘ e

\% > ) . % Theorem 7: If X, is an estimate of X, with bias
Proof R o i BX) if ¥ i

. i .+ - given by . X,), if X, is an un-

EX! - X2=E[X -X,)+ (A -X )2 , bx.asedgestxmat? cif ff uncorre%ate.d

. - - ' with X, and .if 02 is an unbiased

—EX -X)2+EX, -X)2 ik S BT

estimate of ‘02 , then the estimate

- 2E(X; - X,) & - X,) M/S\E" given :;’ '
~ XS

o

: . By =(X,-X)-82 - (21A)

. : ' R s

EX.-X)? =02 _ 5 , T :

X, _ is an unbiased estimate of MSE§.. | .
- ) . v s .

Préo]f_ ~ N
Proof follows direcily from theorem'6.
: ;
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. . VITAL AND HEAL‘I’H STATlSTlcs PUBLICATIONS semss s

© . P Gt

" Formerly Pubuc Health Sérvice Mbumon No. 1000 , . ,\

* .

Serm 1. Programs and Collection bocedurc:. ~Repprts which, describe the general programs of “the Nahonal
Center for Health Statistics and its offices and divuiom, data collection metlxq!l Used; definlqu md
othetmatmalneeeuaryforundeutmdxﬂgtlndau. .

Sevies 2. Data Evaluation and Methods Research.—Studies of riew statistical methodology including expaimenul I
tests of new survey methods, studies. of. vital statistics 9ollecuon methods, new analytical techniques, - -3
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